Throughout calculus, we have learned about many different kinds of functions. The simplest of these are the polynomials:
and just as easy to integrate. We can't exactly figure out by hand, but we can approximate 0 !Þ# a b it by adding up the first five or ten terms of the series. (In this case, the fifth partial sum is correct to two decimal places.)
Here's the amazing part: 
All of these functions we've been dealing with, these functions that have been giving us trouble-they're all power series. It's almost as if they were polynomials. Ever wonder how your calculator figures out ? Now you know. sina b !Þ# We're not yet in a position to explain the formulas above. The goal of the next two sections is to learn how to express various functions as power series. By the time we're done, you will understand all five of these formulas.
Geometric Power Series
Recall the formula for the sum of a geometric series:
This formula works perfectly well when and are functions of . For example, plugging in + < B + oe " < oe B and gives us the following:
There are many more series we can get this way. For example, using and gives: + oe " < oe B 
Differentiation and Integration
You can differentiate an integrate power series term-by-term, just as you would a polynomial:
We now come to our first major task: finding a power series for the natural logarithm.
EXAMPLE 3 Find a power series representation for
, and determine the interval of lna b "  B convergence.
SOLUTION Observe that:
.B oe "  B  G ln But:
Integrating both sides gives:
Plugging in reveals that . Therefore:
Clearly the radius of convergence is . (Among other things, this means that we can V oe " drop the absolute value symbols.) At , the series is , which diverges. At , B oe "  B oe " " 8 "
8oe" _ the series is , which converges by the Alternating Series Test. Therefore, the " a b
8oe"
The formula we just derived is our first really important result:
As a bonus, plugging in tells us the sum of the alternating harmonic series:
We didn't know this before. Aren't power series cool? We can find a power series for the inverse tangent using the same method:
EXAMPLE 4 Find a power series representation for . tan " B SOLUTION Observe that:
tan But is the sum of a geometric series with and :
Plugging in reveals that , so:
The interval of convergence for this series ends up being . Therefore:
By the way, since , you can get an interesting result from this series by plugging tan
This beautiful equation is known as the for . Leibniz formula 1 EXAMPLE 5 Express the integral:
as the sum of an infinite series.
SOLUTION Note that this integral would be very difficult to evaluate on its own. (We would need to start with a partial fractions decomposition, which is trick since we don't know how to C factor However, the integrand is the sum of a geometric series: "  B ÞÑ Therefore:
Substitution and Multiplication
There are two more important tricks for working with power series. The first is substitution:
EXAMPLE 6 Find a power series representation for . tan The multiplication starts on the left (unlike multiplication of numbers, which would start on the right). The first row is the first term of the bottom series multiplied by the entire top series, the second row is the second term of the bottom series multiplied by the entire top series, and so on. If we multiply these two power series, we will get a power series for
Summation Notation
Our method for determining the interval of convergence of a power series requires the series to be in summation notation. Unfortunately, many of the series derived using methods in this section are difficult to convert to summation notation.
EXAMPLE 11 Express the series:
using summation notation, and find the radius of convergence.
SOLUTION For this series, it seems easiest to have the first term be , the second term be 8 oe " 8 oe #, and so on:
As you can see, the coefficient is always . The power of is increasing by each time, so it " 8 B %
should be similar to . Indeed, it looks like the power of is , so:
We can find the radius of convergence using the root test:
For to be less than , we need . Thus the radius of convergence is .
EXAMPLE 12 Express the series:
SOLUTION This time we start with :
The alternating and signs can be taken care of with a . It is important here that the   " a b even odd -numbered terms are positive (which is why we decided to start at ). If the -8 oe ! numbered terms were positive, we would need a . a b "
8"
The power of increases by each time, so it should be similar to . Indeed, it looks like B # #8 the power is . Therefore:
Then will be less than when , so the radius of convergence is .
The following table shows the summation notation for each of our five primary series: 
